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;ÎÑ]e¡nu;Ï’ˆÅdn;€llim nn
u

→+∞
;;;IÍÖ|^;ÏŒÁÖ�d;

;Ï’ˆÅd;fi—^;Cgn;;ƒÊ⁄-\nS;;ÂnP;;U;nËt0 1 .............n nS v v v= + + +;;Â( )( )( ) ( )0 1 12 2 2 ...... 2n nP u u u u= − − − −
;

;€l
;;fât^lim nn

S
→+∞

;Âlim nn
P

→+∞
;I 

;flÁÖ⁄i’\;◊t3;U;C;Èî]ÁÑ;Â;Èî]ÁÑ;:Œid;ì]|;D;

;ÏÁÄÅ¬’\;ÏË’]ii∏\;1i¬›( )nu;;Ì÷¡;Ï…Ö¬∏\;;;U;Èh¯]—0 11u =;;Â1 2 2n nu u+ = + −;;;
1È¬Ëeö;ÄÅ¡;◊—;◊p\;flŸ;„›^;√p\2’]d;jel^;Cn;;;U;
1È¬Ëeö;ÄÅ¡;◊—;◊p\;flŸ;„›^;√p\2’]d;‡]·1’\;Cn;;U3 11nu≤ ≤;;

;È⁄â›( )P n;I;ÏËê]£\;‰É·;
;Ï÷tÖŸ1;U;Ïuê;flŸ;œŒui›( )P n;;◊p\;flŸ0n =;;;]fiÁÅ’;U03 11 11u≤ = ≤;;‡Ç\( )0PÏuËuê;;;;
;Ï÷tÖŸ2;U;;ôÖ ›Ïuê( )P n;;‰]fi¬Ÿ3 11nu≤ ≤;

;Ïuê;fl·1›;Â( )1P n +;;U‡̨^;fl·1›;Í^

13 11nu +≤ ≤;
;U;]fiÁÅ’3 11nu≤ ≤;

„fiŸ;Â1 2 9nu≤ − ≤;;Í^1 2 9nu≤ − ≤;
;Ï…]îcd2;;U3 2 2 5 11nu≤ + − ≤ ;

;;Â
;„fiŸ13 11nu +≤ ≤

;
I;

;œŒüÈ¬Ëeö;ÄÅ¡;◊—;◊—;◊p\;flŸ;„›^n;;U( )1 2 1 2n n n nu u u u+ − = − − −;I;
( ) ( ) ( )2

1 2 2 2 2 2 2 2 2 2 1 2n n n n n n n n n n n nu u u u u u u u u u u u+ − = + − − = − + − = − − − = − − − = − − −;
2;Ck]elb;;‡^( )nu;;fât^;Â;rifiiâh;\Ç]Ÿ;Â;ÏëÕ]fiiŸlim nn

u
→+∞

I;
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;;]fiÁÅ’;Ï‚p;flŸ2 0nu − ;IIIIIIII( )1;
;]fiÁÅ’;;ÍÖ|^;Ï‚p;flŸÂ3 11nu≤ ≤;„fiŸ;Â1 2 9nu≤ − ≤;;Åß1 2 3nu≤ − ≤;;gÖæd;Â1−;;Åß

3 2 1nu− ≤ − − ≤ −;
;Ï…]îcd;Â1;;;Åß2 1 2 0nu− ≤ − − ≤;IIIIIIIIIIII( )2;;;;;;

;flŸ( )1;;Â( )2;;rifiÁ;2 0

1 2 0
n

n

u

u

 −

− − ≤

;„fiŸ;Â( )2 1 2 0n nu u− − − ≤;;;;„fiŸ;Â( )nu;IÏëÕ]fiiŸ;ÏË’]iiŸ;

;‡^;]±( )nu;ÏëÕ]fiiŸ;¯\;flŸ;ÎÄÂÅ•;Â◊ à;;ÄÅ¬’]d3;;I;ÏdÑ]ŒiŸ;È‚…;
;;√ï›;U;]‚iÁ]‚›;g]ât1lim nn

u l+→+∞
=;;Â;lim nn

u l
→+∞

=;„fiŸ;Â2 2l l= + −
;

;Åß2 2l l− = −;;√Ÿ2l ;;
;

;Í^( ) ( )222 2l l− = −;;Ú…]“h( ) ( )2 . 2 1 0l l− − − =  ;Í^( ) ( )2 . 3 0l l− − =;;;;;;;;;;;;;;;;;;;;;;;;;;;;;;;;;;;;;;;;;;;;;;;;;;;;;;;;;;;;;;;;;;;;;;;;;;;;;;;;;;;;;;;;;;;;;;;;;;;;;;;;;;;;;;;;;;;;;;;;;;;;;;;;;;;;;;;;;;;;;;;;;;;;;;;;;;;;;;;;;;;;;;;;;;;;;;;;;;;;;;;;;
;]Ÿb2l =;ôÊ…ÖŸ;;‡¯3 11l ;;;Â^3l =;C;ÿÊeŒŸ;D;;;È’]i’]d;Âlim 3nn

u
→+∞

=;;;;;;;;;;;;;;;;;;;;;;;;;;;;;;;;;
3È¬Ëeö;ÄÅ¡;◊—;◊—;◊p\;flŸ;„›^;fl·Öd;Cn;;U( )1

10 3 3
2n nu u+≤ − ≤ −

;
;flŸ;„›^;rifiià\;€l

È¬Ëeö;ÄÅ¡;◊—;◊—;◊p\n;;U10 3 8
2

n

nu  ≤ − ≤  
 

;;rifiià\;Âlim nn
u

→+∞
;IÍÖ|\;ÏŒÁÖ�d;

;Ï‚p;flŸ;ˆÂ^1;U;]fiÁÅ’3 11nu≤ ≤;;„fiŸÂ3nu ≥;;Í\2 3 2nu − ≥ −;;;Ø…Öö;ÑÉõ;Â2 1nu − ≥;;Â
;Ï…]îcd2;;◊ë®;

2 2 1 2nu+ − ≥ +;;„fiŸ;Â1 3nu + ≥;;‡Çb1 3 0nu + − ≥;;gÊ÷�Ÿ;Ê·Â;

;Ï‚p;flŸ;]Ë›]l2;U;;]fiÁÅ’1 3 2 2 3n nu u+ − = + − −;;„fiŸ;Â( )1

2 1
3 2 1

2 1
n

n n
n

u
u u

u+

− +
− = − − ×

− +
;

U;Åß1
2 1 33
2 1 2 1

n n
n

n n

u uu
u u+

− − −
− = =

− + − +
;

;”’\É—;Â3nu ≥;;Í\2 3 2nu − ≥ −;;;Ø…Öö;ÑÉõ;Â2 1nu − ≥;;„fiŸÂ2 1 2nu − + ≥;;Â
;gÊ÷ŒŸ;ÿ]⁄¬ià]d;

1 1
22 1nu

≤
− +

;∫;Ø…Öö;gÖïd;Â3 0nu − ≥;;Åß( )3 1 3
22 1

n
n

n

u u
u

−
≤ −

− +
;;Åß( )1

13 3
2n nu u+ − ≤ −;;

;flŸ;„fiŸ;Â1;;Â2;;U;Åß
( )

1

1

3 0
13 3
2

n

n n

u

u u

+

+

− ≥



− ≤ −

;;rifiÁ;„fiŸ;Â( )1
10 3 3
2n nu u+≤ − ≤ −;

ifiià\]È¬Ëeö;ÄÅ¡;◊—;◊—;◊p\;flŸ;„›^;sn;;U10 3 8
2

n

nu  ≤ − ≤  
 

;;
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( )

( )

( )

( )

( )

1

1 2

2 3

2 1

1 0

10 3 3
2

10 3 3
2
10 3 3
2

...................................
10 3 3
2
10 3 3
2

n n

n n

n n

u u

u u

u u

u u

u u

−

− −

− −

 ≤ − ≤ −

 ≤ − ≤ −

 ≤ − ≤ −



 ≤ − ≤ −

 ≤ − ≤ −


;;Åß;ÃÖö;È’;ÃÖö;gÖïd( )0
10 3 3
2

n

nu u ≤ − ≤ − 
 

;

;„fiŸ;Â( )10 3 11 3
2

n

nu  ≤ − ≤ − 
 

;;‡Çb10 3 8
2

n

nu  ≤ − ≤  
 

;;

;rifiià\;Âlim nn
u

→+∞
;IÍÖ|\;ÏŒÁÖ�d;

;]fiÁÅ’1lim 8 0
2

n

n→+∞

  = 
 

 ;;„fiŸ;Â( )lim 3 0nn
u

→+∞
− =;‡Çb;lim 3nn

u
→+∞

=;

4;C( )nv;;Ï…Ö¬∏\;ÏÁÄÅ¬’\;ÏË’]ii∏\;;;U;È÷Á;]⁄—( )ln 2n nv u= −;;
;‡^;fl·Öd;C^( )nv;;ÿÂ¯\;]·Åt;g]ât;]‚à]à^;ÅÁÅü;f÷�Á;G;ÏËàÅfi·;ÏË’]iiŸ0v;;€l

;Ï’ˆÅd;fi—^n;;ÎÑ]e¡nv;;ÎÑ]e¡;rifiià\;€lnu;Ï’ˆÅdn;€llim nn
u

→+∞
;;;IÍÖ|^;ÏŒÁÖ�d;

U;]fiÁÅ’( ) ( ) ( ) ( ) ( )
1
2

1 1
1 1ln 2 ln 2 2 2 ln 2 ln 2 n 2
2 2n n n n n n nv u u u u u v+ += − = + − − = − = − = − = 

;„fiŸÂ;( )nv;;]‚à]à^;ÏËàÅfi·;ÏË’]iiŸ;1
2

q = ;Â;;ÿÂ¯\;]·Åt0v;;nËtU

( ) ( )0 0ln 2 ln 11 2 ln 9v u= − = − =;
i—]dÏ;;Ï’ˆÅdn;;ÎÑ]e¡nv;;

0
1ln 9
2

n
n

nv v q  = × =  
 

 

ifiià\];ÎÑ]e¡;snu;Ï’ˆÅdn;;
;]fiÁÅ’( )ln 2n nv u= −;;„fiŸ;Â2nv

ne u= −;;„fiŸ;Â2 nv
nu e= +;

i—;Cg]dÏ;;Ï’ˆÅdn;;ƒÊ⁄-\nS;;ÂnP;;U;nËt0 1 .............n nS v v v= + + +;;Â
( )( )( ) ( )0 1 22 2 2 ...... 2n nP u u u u= − − − −

;
;;fât^;€llim nn

S
→+∞

;Âlim nn
P

→+∞
;I;

1

1

0 1 0

11
1 12............. ln 9 2ln 9 111 21

2

n

nn

n n n
qS v v v S v
q

+

+

  −     −    = + + + = = = = −     −      − 
 

;;
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Â;( )( )( ) ( ) ( )( )( ) ( )0 1 2
0 1 22 2 2 ...... 2 ... nv vv v

n nP u u u u e e e e= − − − − =;;„fiŸ;Â0 1 ... n nv v v S
nP e e+ + += =;;

ât];;glim nn
S

→+∞
;Âlim nn

P
→+∞

;I;
1lim lim 2ln 9 1 2ln 9
2

n

nn n
S

→+∞ →+∞

  = − =  
   

;;Â2ln9lim lim 81nS
nn n

P e e
→+∞ →+∞

= = =;

;;flÁÖ⁄i’\4;U;

ÏË’]ii∏\;fl“i’( )nu;;ÿÂ¯\;]·Åú;Ï…Ö¬∏\1
1
2

u =;È¬Ëeö;ÄÅ¡;◊—;◊p^;flŸÂn;‹ÂÅ¬Ÿ;3≈;G1
1

2n n
nu u

n+
+

=;;;;

1;C^◊—;◊p^;flŸ;„�›^;fl·Öd;C;È¬Ëeö;ÄÅ¡n;‹ÂÅ¬Ÿ;3≈ ;U0nu I 
;;;ÏË’]ii∏\;3∆i’\;‰]û\;ãÑÄ^;Cg( )nu;^;€l;rifiià;]‚›^;I;ÏdÑ]ŒiŸ 
2ÏË’]ii∏\;1i¬›;C;( )nv;È¬Ëeö;ÄÅ¡;◊—;◊p^;flŸ;Ï…Ö¬∏\n ;‹ÂÅ¬Ÿ;3≈;UÈ÷Á;]⁄—;;n

n
uv
n

=;;; 
;‡^;jel^( )nv;IÿÂ¯\;]·ÅtÂ;]‚à]à^;ØË¬h;f÷�Á;ÏËàÅfi·;

3flŸ;‡^;jel^;C;◊p^;◊—;È¬Ëeö;ÄÅ¡n;‹ÂÅ¬Ÿ;3≈;;‡^
2n n
nu =I;

4;Ï’\Å’\;1i¬›;Cf;;ÿ]-\;Ì÷¡;Ï…Ö¬∏\[ [1;+∞;;ÎÑ]e¬’]d( ) ln ln 2f x x x= −;
;fât\( )lim

x
f x

→+∞
;;rifiià\;€llim nn

u
→+∞

I 

;flÁÖ⁄i’\;◊t4;U;;

ÏË’]ii∏\;fl“i’( )nu;;ÿÂ¯\;]·Åú;Ï…Ö¬∏\1
1
2

u =;È¬Ëeö;ÄÅ¡;◊—;◊p^;flŸÂn;;3≈

;G‹ÂÅ¬Ÿ1
1

2n n
nu u

n+
+

=;;;;
1◊—;◊p^;flŸ;�‡^;‡]·Öd;C^;C;È¬Ëeö;ÄÅ¡n;‹ÂÅ¬Ÿ;3≈ ;U0nu I;

;Ï÷tÖŸ1;U;;◊p^;flŸ;]‚iuê;flŸ;œŒui›1n =;;]fiÁÅ’;U1
1 0
2

u = ;;;flŸ;ÏŒŒ•;ÏËê]|;„fiŸÂ

◊p\1n =;
;Ï÷tÖŸ2;U;;◊p\;flŸ;ÏuËuê;;]‚›^;ôÖ ›n;;Í^0nu ;;◊p^;flŸ;]‚iuê;fl·1›;Â1n +;;‡^;Í^

1 0nu + ;
;‡^;]±0n ;;;„fiŸ;Â2 0n ;;”’É—;Â0n ;;‰]fi¬Ÿ1 1 0n +  ;;

1 0
2 0
n

n
+








;;„fiŸ;Â1 0
2

n
n
+

;;

;]fiÁÅ’;‡Çb
1 0

2
0n

n
n

u

+








;;Åqfi…1 0
2 n

n u
n
+

;;È’]i’]d;Â1 0nu + ; 

;◊p^;flŸ;ÏuËuê;ÏËê]£\;„fiŸÂ1n +;È¬Ëeö;ÄÅ¡;◊—;◊p^;flŸ;„fiŸ;Ân;;;U0nu ;I;
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;ÏË’]ii∏\;3∆i’\;‰]û\;Ïà\ÑÄ;Cg( )nu;;
1

1 1 1 2 11
2 2 2 2n n n n n n n

n n n n nu u u u u u u
n n n n+
+ + + − −     − = − = − = =     

     
;

;]±1n ≥;;„fiŸ;Â1n− ≤ −;;„fiŸ1 0n− ≤;;;rifiË…1 0
2

n
n
−  ≤ 

 
;;:¬fiÁ1 0n nu u+ − ≤

;
;

;;ÏË’]ii∏\;‡Çb( )nu;ÏëÕ]fiiŸ;I;
I;ÏdÑ]ŒiŸ;]‚›^;;s]ifiià\;

;‡^;]±( )nu;ÏëÕ]fiiŸ;;;Â◊ à^;flŸ;ÎÄÂÅ•;;ÄÅ¬’]d0;;;È‚…ÏdÑ]ŒiŸ; 
2;ÏË’]ii∏\;1i¬›;C( )nv;È¬Ëeö;ÄÅ¡;◊—;◊p^;flŸ;Ï…Ö¬∏\n ;‹ÂÅ¬Ÿ;3≈;UÈ÷Á;]⁄—;;
n

n
uv
n

=;;; 

;‡^;k]elb( )nv;IÿÂ¯\;]·ÅtÂ;]‚à]à^;ØË¬h;Â;;ÏËàÅfi·;
1

1
1 1 1 1

1 2 1 2 2 2
n n n

n n n
u u unv u v
n n n n n

+
+

+
= = × = = × =

+ +;
;„fiŸ;Â( )nv;;]‚à]à^;ÏËàÅfi·;ÏË’]iiŸ1

2
q =;ÿÂ¯\;]·Åt;Â1

1
1

1 2
uv = =;

3◊—;◊p^;flŸ;‡^;jel^;C;È¬Ëeö;ÄÅ¡n;‹ÂÅ¬Ÿ;3≈;;‡^
2n n
nu =I;

;‡^;]±( )nv;;‡]…;ÏËàÅfi·;ÏË’]iiŸ
1

1
1

1 1 1 1
2 2 2 2

n n
n

n nv v q
−

−    = × = = =   
   

;

;]fiÁÅ’n
n

uv
n

=;;;„fiŸ;Â1. .
2 2n n n n

nu n v n= = =;;
4;Ï’\Å’\;1i¬›;Cf;;ÿ]-\;Ì÷¡;Ï…Ö¬∏\[ [1;+∞;;ÎÑ]e¬’]d( ) ln ln 2f x x x= −;

;g]ât( )lim
x

f x
→+∞

;;

( ) [ ] ( )( )lnlim lim ln ln 2 lim ln 2 0 ln 2
x x x

xf x x x x
x→+∞ →+∞ →+∞

 = − = − = +∞ − = −∞  
;

;s]ifiià\lim nn
u

→+∞
I;

;]fiÁÅ’
2n n
nu =;;;„fiŸ;Â[ ] ( )ln ln ln ln 2 ln ln 2

2
n

n n
nu n n n f n = = − = − =  ;;

;‡Çb[ ] ( )ln nu f n=;;„fiŸ;Â( )f n
nu e=;;

( )lim lim 0f n
nn n

u e
→+∞ →+∞

= =;;;„›¯;D( )lim
n

f n
→+∞

= −∞C 
;;flÁÖ⁄i’\5;U;

ÏË’]ii∏\;fl“i’( )nu;;ÿÂ¯\;]·Åú;Ï…Ö¬∏\0 0u =;È¬Ëeö;ÄÅ¡;◊—;◊p^;flŸÂn;G1 3 2 1n nu u n+ = + +;;;;;;

1fl·Öd;C;;√p\2’]d;◊—;◊p^;flŸ;„�›^;È¬Ëeö;ÄÅ¡n;U3 1n
nu n= − −I 
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2C;ÏË’]ii∏\;1i¬›;( )nv;È¬Ëeö;ÄÅ¡;◊—;◊p^;flŸ;Ï…Ö¬∏\n ;UÈ÷Á;]⁄—;;( )1n nv u nα= + +;nËtα;;ÄÅ¡
ÈŒËŒt;I;

;Ø¡α;ÏË’]ii∏\;‡Ê“h;Ìit;( )nv;ØË¬h;f÷�Á;ÏËàÅfi·;ÿÂ¯\;]·Åt;Â;]‚à]à^0vI;

3C;;;√ï›1α =;;fl“Ë’;Â0 1 ......n nS v v v= + + +;;Â0 1 ......n nT u u u= + + +;;
;C^;;;Ï’ˆÅd;fât\n;;Ø¡Ê⁄-\;nS;;ÂnT;;

;Ï⁄ËÕ;Ø¡;Cgn;;‡Ê“Á;Ìit2037171n nS T− =;

;◊t;flÁÖ⁄i’\5;U;

ÏË’]ii∏\;fl“i’( )nu;;ÿÂ¯\;]·Åú;Ï…Ö¬∏\0 0u =;È¬Ëeö;ÄÅ¡;◊—;◊p^;flŸÂn;G

1 3 2 1n nu u n+ = + +;;;;;;
1◊—;◊p^;flŸ;„�›^;;√p\2’]d;‡]·Öd;C;È¬Ëeö;ÄÅ¡n;U3 1n

nu n= − −I;
;Ï÷tÖŸ1;U;;◊p^;flŸ;]‚iuê;flŸ;œŒui›0n =;;]fiÁÅ’;U0

0 3 0 1 1 1 0u = − − = − =;;;ÏËê]|;„fiŸÂ
◊p\;flŸ;ÏŒŒ•0n =I;

;Ï÷tÖŸ2;U;;◊p\;flŸ;ÏuËuê;;]‚›^;ôÖ ›n;;Í^3 1n
nu n= − −;;◊p^;flŸ;]‚iuê;fl·1›;Â1n +;

;‡^;Í^;
( )1 1

1 3 1 1 3 2n n
nu n n+ +
+ = − + − = − −;;‡^;Í^1

1 3 2n
nu n+
+ = − −;;;

]fiÁÅ’
1

3 1
3 2 1

n
n

n n

u n
u u n+

 = − −


= + +
;;„fiŸ;Â( ) 1 1

1 3 2 1 3 3 1 2 1 3 3 3 2 1 3 2n n n
n nu u n n n n n n+ +
+ = + + = − − + + = − − + + = − −;;

;◊p^;flŸ;ÏuËuê;ÏËê]£\;„fiŸÂ1n +;È¬Ëeö;ÄÅ¡;◊—;◊p^;flŸ;„fiŸ;Ân;;;U3 1n
nu n= − −;

I;
2;ÏË’]ii∏\;1i¬›;C( )nv;È¬Ëeö;ÄÅ¡;◊—;◊p^;flŸ;Ï…Ö¬∏\n ;UÈ÷Á;]⁄—;;( )1n nv u nα= + +;

nËtα;I;ÈŒËŒt;ÄÅ¡;
;ØË¬hα;;ÏË’]ii∏\;‡Ê“h;Ìit( )nv;ÏËàÅfi·;;

;ÏŒÁÖö1;U;
( ) ( ) ( )1 1 11 1 2 3 2 1 2 3 2 1 2n n n n nv u n u n u n n u nα α α α α α+ + += + + + = + + = + + + + = + + + +;
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