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������ ����د ا�� 4i−.  

IN@2N@a ، bو c�
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 ا�<@? ���3A ، B و C ,�$ :2 2 ; 3
B A

z i z i= + 4 و=
C

z i= +.  

IIN@1N@ ?@>�أن ا ���A ، B و C ��  . BC ا�0@#

IIN@2N@  D@>�ا  @$E ���D  D@>�ة ا
�G3 B  D@>��  �*>�#� O.  
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VVC  83#VV����وا �VV�)B ا�XVV2#ء ا��<VV*=ب إ�VV: ا����9VV ا����# ; ; ; )o i j k
�� ��� ���

 9�@�*VV��ض ا
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ض M ��  D@3 )∆ (و'M ��  D@3 ) '∆ ( ,�-�:AM au=
����� ��

BM'  و bv=
������ ��

 .a و bدان $@�@�#ن�� .  

' ��� إ$�ا!�#ت.1 ;M Mو 'MM
�������

  �E��  a و b.  

2أن���  .2 2 2 2
' ( ) ( 1) ( 1) 3MM a b a b= + + − + + +.  
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ه� أن ا��*�@�9 .3�( ' )M M :�� =دي�إذا آ#ن ) ∆' (و) ∆( � ?@Cإذا و:
2 1

2 1

a b

a b

+ = 


+ = − 
  

4.���D@>�إ$�ا!�#ت ا U�>�0!9 ا  ��ا�� '$ ' ;M M   . U�>�0أن ا :' 3MM 
 ا�<��� .=*C    .  

@åí‹ànÛa04 :  
 f:��  C
}  ا��ا�  ا��� }2D = −ℝ ـ� :( ) ( 1) ln 2f x x x= + −.  

( )
f

C83#����وا ��)%�[��&# ا���BC B3# ا��*�=ي ا��<*=ب إ�: ا����9 ا����# ; ; )O i j
�� ���

.  

  .�<� $�ود ا���#Eت f   ��� 3&#�  ا��ا� .1

�� x ��� أ43 �� أY' آ' .2 D: 1
'( ) ln 2
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x
f x x

x

+
= + −

−
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  . �<� $�ود ��#Eت ا���
�^f'��� 3&#�#ت ا��ا� . 3

)" أ$*� .4 )f x �ا��ا 
�T% P#�%ا U�>�09 ا! 'fT% ول�Y '(I 9! ، #&%ا
�.  

[ %<��م D@3 BC  و$��ة �� ا���#لf' ��� أن ا��ا�  .5 )'، !9 اU�>�0 إI#رة∞−2;] )f x.  


ات ا��ا�   .6�T% ول�Y '(I f.    

�# ه= ��د $�=ل ا���#د� .7  ( ) 0f x =
�
�  .؟  ��ون %

) أر90 ا��<-<:.8 )
f

C.  

): ا���
C  �ـ g��)� ا��ا�  . 9 ) ( )g x f x=  

�*���<# �<&#�#ت ا��ا�   g ��� 3&#�#ت ا��ا�  .أ.9 f.   


ات ا��ا�   .ب.9�T% ول�Y '(Ig.   

) أر90 ا��<-<:.�ـ.9 )gC.  

): $' ا���#د�  .د.9 )g x λ= )   .λB@�@$ د�� .(  

   f' أر90 �<-<: ا��ا� .10
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.I 2 . *+آ���اد ا	ا-, �

�� a ، bو c:   

a ، bو c *��$��. ود	��$1
*، ه�ا ��0/  � *
�$����:2a c b+   : و,0	�2 =

( 6 6 )a b c i+ + = + #"$!� :3 6 6b i= 2:، و.30 + 2b i= +.  
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b r b b r
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2 2
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b r b r
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(2 2 ) 8 8 (6 24 ) 3 4

1 1 2

i i
r i i i i i

i i

− + −= + − = + = + − = −
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2:إذن 
3 4r i= ):، و.30 − 2 )r i= ) أو− 2 )r i= −   :، و�! ن +

2r i= −:   

(2 2 ) (2 ) 4 (2 2 ) (2 ) 3c b r i i i a b r i i i• = + = + + − = + • = − = + − − =  

2r i= − +:   

3 ; 2 2 ; 4c i b i a i= = + = +  
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II.  $0�	�:2 2 ; 3
B A

z i z i= + 4 و=
C

z i= +  

II.1.  4<0�ن أن ا$
+�A ، B و C *
  : "/ ا=�>$.
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C: "/ ا=�>$.
* إذا آ$ن C و A ،B �! ن ا�0>4  A
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z z ii

z z i i

− −−= = =
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
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M D M D
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 
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π π π π  = − + − + − − + −     

     
= − + + − − = − − + +     
 

 
 
 

   
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+ + +     
= − = − = −          
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n →+∞
lim:إذن       . = 0
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�.أ.3�

� ا����$�S� D$درا=* ا�� ( )
n

uو( )
n

v:  

 $0�	�:
n n n

v u w− ):، و.30 = )1

4

n

n n
v u−   :، و,0	�2 =
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4

n

n n
u v= ) و− )1

4

n

n n
v u= +�
، و�$��� �T "/ ا��+$ر�
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u  و+

1n
v + 	�� :  
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1 1 1 1

2 2 4 2 4

n n

n n
n n n n

u v
u u v u+

+  
= = + + = + 

 
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1 1
0
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n

n n
u u+ − = :، و.30 <

1
0

n n
u u+ − >.  � ������)ا����$�
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n
u$.$�� ة	ا�H�..  

 GV��$و�:  
  

( ) ( ) ( )
( ) ( ) ( ) ( ) ( ) ( ) ( )

1 1

1 1

1 1 1 1 1 1 1 1
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2 2 2 4 2 4 2 4

1 1 1 1 1 1 2 1 1 1 1 1
2 2

2 4 4 2 4 4 4 4 4 4 4 4

n n n

n n n n n n n

n n n n n n n

n n n n

v u v u v v v

v v v v

+ +

+ +

   
= + = + + = − + +   

   

 
= − + = − + = − + = − 

 

  

):إذن  )
1

1

1

4

n

n n
v v

+

+ − = :أي أن  ،−
1

0
n n

v v+ − <.  

) ا�+�ه$ن �Wن .ب.3 )
n

uو( )
n

v ور�$ن$��. :  

$0�	�( )
n

uة و	ا�H�.( )
n

vو ،*X8$0�.lim ( ) lim 0
n n nn n

v u w
→+∞ →+∞

− = =  

):إذن  )
n

uو ( )
n

v *�$L0�ا Y�� $�L�ور�$ن و$��.  

4.( )
n

t M
, *"��. *
�$��. ℕ G!;�$� :
2

3

n n

n

u v
t

+
=  

) ا�+�ه$ن أن ا����$�
*.أ.4 )
n

t *��$Q:  

*
)�! ن ا����$� )
n

t+Z د	, Gآ G[إذا آ$ن .� أ *��$Q  /�
n: 
1n n

t t+ = .  

        1

1 1 1 1

1 1
( 2 ) 2

3 3 2
n n

n n n n

u v
t u v u +

+ + + +

 +  
= + = +   

  
  

1

21 1
(2 ) ( )

3 3 3
n n

n n n n n n

u v
u v u v v t+

+
= + = + + = ):     إذن   = )

n
t أي أن ،*��$Q *
�$��.:

1 0n n
t t t+ = =.  


�.ب.4�
) ا=��0$ج �L$�* ا����$� )
n

uو( )
n

v:   

 $0�	�:
0 0

1 1 11
( 2 ) (11)

3 3 3n
t u v= + = =  

0

1 1 11
lim lim ( 2 ) (3 )

3 3 3n n nn n
t u v t

→+∞ →+∞
= + = = = =ℓ ℓ.   11:     إذن

lim lim
3n nn n

u v
→+∞ →+∞

= = =ℓ.  
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(1;0; 1) (0;0;3) : 7]]]]
� ( ) : ( ; ),u A A u− ∆
�� ��

    .(0;1;1) (2;0;4) : 7]]]]
� ( ' ) : ( ; ),v B B v∆
�� ��

.@ @


$ت.1Qا	�
� إ
�� ' ;M Mو 'MM
�������

 *�?	�  a و b:   

AM au=
����� ��

 #"$!� :OM OA au= +
����� ���� ��

):إذن   . ;0;3 )M a a−.  

'BM b v=
������ ��

 #"$!� :'OM OB b v= +
������ ���� ��

2)':إذن   . ; ; 4 )M b b+.  

' 'MM OM OM= −
������� ������ �����

':، و.30  (2 ; ; 1)MM a b a b− + +
�������

.  


$ن أن .2+� 2 2 2 2
' ( ) ( 1) ( 1) 3MM a b a b= + + − + + +:  

 $0�	�:
 

2 2 2 2 2 2 2 2

2 2 22 2 2 2

' (2 ) ( 1) 4 4 2 2 21

12 1 3 ( ) ( )2 312 )1 (

a aa b aMM a b a b b b a b

a a b b a b a bab b a

• • •• ••
= − + + + = − + + + + + + + +

= + + + + + = + + − + +−+ + ++
  

3.( )' ( )MM ⊥ ) و∆ )' ( ' )MM ⊥ ∆).............................1(  
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)1 ( #"$!�:
. ' 0

. ' 0

u MM

v MM

= 


= 

�� �������

�� �������  

       ⇔
2 ( 1) 0

( 1 0

a a b

b a b

− − + + = 


+ + + = 
   

       ⇔
2 1 0

2 1 0

a b

a b

− − + = 


+ + = 
 :، و.30 

2 1

2 1

a b

a b

+ = 


+ = − 
  

4. *

 ل ا���� 
2 1

2 1

a b

a b

+ = 


+ = − 
)....................................I(  

)I ( #"$!�: 
2 1

2 4 1

a b

a b

+ = 


− − = 
):، و.30  ; ) (1; 1)a b = −.  


$ن أن+�' 3MM =7
� 1 1,b a= − = :  

 $0�	�:2 2 2 2
' (1 1) (1 1) ( 1 1) 3MM = − + − + − + ':إذن   .+ 3MM =.  
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